We describe a procedure whereby a linearly coupled spinor Bose condensate can be used as a physically accessible quantum simulator of the early universe. In particular, we show how to generate a model of an unstable vacuum in a relativistic scalar field theory, which is related to the early models of inflation. There is an unstable vacuum sector whose dynamics correspond to the quantum sine-Gordon equations in one, two or three space dimensions. We give numerical simulations of the expected behavior using a truncated Wigner phase-space method, showing evidence for the dynamical formation of complex spatial clusters. The dependence on coupling strength, condensate size and dimensionality is investigated.
I. INTRODUCTION
The use of quantum simulation as a route to better understanding of complex quantum dynamics has much to recommend it. Conceptually, this creates an analog quantum computer. In quantum simulations, a tabletop experiment is carried out to mimic a more complex quantum system which we would like to understand. This method has been used to treat, for example, models of condensed matter phase-transitions [1] . Such an approach can be complemented by the use of approximate digital computer simulations. A digital simulation can then be verified and tested in the table-top experiment, while allowing a wider variety of parameters to be explored.
But why stop at condensed matter. Why not model the entire universe? This seems presumptuous, and possibly is. The entire universe will never be shoehorned into a table-top experiment with every complexity intact. Nevertheless, cosmologists today often use quantum field theory models to describe the early universe. This can be traced back to the pioneering works of Higgs and colleagues [2] [3] [4] [5] , studying the origins of mass, and to Coleman's groundbreaking studies on unstable quantum vacuum decay [6, 7] .
A combination of these approaches, together with the inclusion of general relativity, leads to the current inflationary universe scenario [8] [9] [10] [11] [12] [13] . Inflation provides a possible explanation for the origin of structure in the universe. Can we model at least part of this picture of the early universe on the table-top? The simplest model for the scalar inflaton field φ(x) is described by the Lagrangian where V (φ) is the potential down which the scalar field rolls or decays. In this paper, we show how to realize the above relativistic scalar field model in a coupled Bose condensate, and model the fate of the scalar field of the early universe. While the potential V (φ) is specific depending on the model of inflation under consideration, the coupled Bose condensates provide a situation with V (φ) ∝ − cos(φ). In the spirit of inflation, we consider a cold, unstable vacuum with φ = π as the initial condition. The vacuum gradually decays [9] [10] [11] , to produce a hot universe, replete with dynamical clumping into random structures. This quantum dynamical model on a table-top is experimentally probed by means of an internal Rabi rotation, and imaged. Relativistic quantum field theory is usually tested experimentally at large accelerators. However, energies at CERN are not high enough for these field theories, although observational evidence for the Higgs boson [14] is thought to provide evidence for the low energy sector of scalar quantum fields in the universe. Instead of accelerating particles to light speed, we propose, essentially, to slow the velocity of light down to atomic speeds. This allows us to study novel phenomena outside of CERN's limits. This quantum simulation of interacting relativistic fields in two, three or four space-time dimensions has the useful feature that it allows us to access quantum physics that we cannot do experiments on by any other means.
We note some recent experiments have explored relevant physics with ultra-cold atoms, demonstrating that the proposal analyzed here is indeed experimentally feasible. These experiments show that the physics of interest here is very close to experimental realization. The investigations that are relevant to our proposal include long time-scale interferometry with a two-level BEC [15] , and the study of the thermalization of a BEC [16] . More recent experiments have realized a flat trap or 'can' for a BEC in three dimensions [17] . In principle, simulations of this type might eventually produce results that are similar to the early universe temperature maps [18] pro-duced recently by the Planck telescope surveys. However, we have a more cautious goal, of simply being able to demonstrate quantum simulations of an unstable quantum vacuum of a relativistic quantum field theory.
Our starting point is a trapped Bose condensate with two internal quantum levels. The levels are coupled by a microwave field. We assume zero temperatures, homogeneous couplings and perfect microwave phase stability. While departures from such perfection can be treated, and these requirements can be relaxed, we will study the ideal case here. We will show that by introducing a simple π phase shift into the coupling field, it is possible to generate an experimentally accessible model of an unstable relativistic vacuum. A quantum simulation of the decay of this unstable vacuum then provides the simplest of early universe models. The relevant field variable is the relative phase of the two condensates. In a regime of small coupling, the relative phase obeys the sine-Gordon equation [19, 20] , a popular model for a relativistic scalar field theory, where the field potential V (φ) is a cosine. Unlike modern models of inflation [9] [10] [11] , our system supports transient domain walls of relative phase [21] , although these soon dissolve. For experimental studies, however, these may provide an easily observable signature of vacuum decay. This paper is organized as follows. In Section (II) we describe the general theory of coupled Bose fields, as found in Bose-Einstein condensate (BEC) experiments on ultra-cold atomic gases at nanoKelvin temperatures. In Section (III), we treat the different types of classical vacuum that exist, and the density-phase representation. In Section (IV) we transform to the sine-Gordon Lagrangian, and demonstrate how this can behave as a relativistic field theory with an unstable vacuum. In Section (V) we carry out detailed numerical simulations of the original field theory, to indicate what to expect in an experiment. Finally, in Section (VI) we discuss the conclusions.
II. COUPLED BOSE FIELDS
Our first task then, is to slow down light: to a few centimeters per second if possible. How is this to be achieved? For this purpose, we use quasi-particles with dispersion relations equivalent to relativistic equations, in a coupled ultra-cold Bose condensate (BEC). To understand this, let us consider the dynamical equations for a coupled condensate; a D-dimensional Bose gas with two spin components that are linearly coupled by an external microwave field. This system obeys the following non-relativistic Heisenberg equation:
Here, ∇ 2 x represents the D-dimensional Laplacian operator, and g 1 , g c are the D−dimensional coupling constants. These have known relations with the measured scattering length. The coupling-constant is renormalizable at large momentum cutoff, although our simulations are in the regime of low momentum cutoff, which makes this renormalization unnecessary. The field commutators are:
We use spinor notation, introducing Ψ = (Ψ 1 , Ψ 2 )
T and write the energy functional as W =´d D x w, where the energy density w(x) is
Here we have defined 2g s = 1 2 (g 1 +g 2 )+g c , 4g a = g 1 −g 2 , and 2g sa = 1 2 (g 1 + g 2 ) − g c . From now on, for simplicity we will assume the case of symmetric self coupling g 1 = g 2 ≡ g , so that g a = 0. In the case where g c = g, we further find g sa = 0. It is important for our purposes that the cross-term g c have a different strength to the selfterm g i . This is generally achievable in ultra-cold atomic physics, depending on the atomic species and particular Feshbach resonance used for magnetically tunable cases. For this reason, the fully symmetric case with g c = g is less interesting, and we will assume that g c = 0 for definiteness in later numerical examples.
We recover the Heisenberg equation from i∂ t ψ i = δW/δψ * i . Alternatively, we will also recover these equations from a stationary action principle δS = 0 with
The coupling field ν is supplied by an external microwave source, and couples the hyperfine levels in the atomic condensate together. In experimental realizations, this must have a widely adjustable amplitude and phase, good homogeneity, and a long coherence time.
Before proceeding further, we rescale the equations into natural units. The time and distance scale is chosen so that mean-field frequency shifts are of order unity, as are the corresponding Laplacian terms. For typical atomic densities per Bose field of n = N/V , where N is the particle number of a given species, and V the volume, this leads to the choice τ = t/t 0 , and ζ = x/x 0 , where:
Scaling the fields so that they correspond to densities in the new fields, i.e. ψ = Ψx
, the resulting dimen-sionless field equations in the symmetric case are
Here, ∇ represents derivatives with respect to
The dimensionless field commutators are:
In one dimension, γ 2 = γ LL ≡ mg/( 2 n), which is the famous Lieb-Liniger parameter [22] , of the onedimensional quantum Bose gas.
III. STABLE AND UNSTABLE VACUA
We now consider a semi-classical approach. We definẽ ψ 1 as a classical mean field, and we linearize around the classical equilibrium solutions. Vacuum solutions with constant fields, apart from an oscillating phase, are easily found from Eq. (2.6) asψ
2 . An overall phase is chosen to makeψ This generalizes the analysis presented in Ref. [23] to include the cross-coupling with γ c . 
A. Linearized solutions
(3.1)
2 + (2γ + γ c )ñ −μ and consistency demands that 2γ sñ =μ ±ν, where we define 2γ s = γ + γ c . We find two independent solution branches of the secular equation.
The first one is gapless
with eigenvector ∼ (1, −1, 1, −1) T for small k, which corresponds to the phase fluctuations of the fields δ argψ 1 = δ argψ 2 ∝ sin(kζ −ω 1 τ ). This leads to a sound wave with sound speedṽ Bog = √ 2γ sñ . Solutions with real frequencies indicate stable, propagating waves of small amplitude, whereas imaginary roots indicate an instability. Excitations along this branch are always stable when γ s > 0.
The other mode is gapped, sincẽ
where 2γ sa = γ − γ c . The nonlinearity parameter in this second branch differs from the first branch and can be tuned independently due to the presence of the crosscoupling γ c . The eigenvector corresponding to ω 2 is ∼ (1, −1, −1, 1) T for small k and ν, which corresponds to an excitation of relative phase fluctuations of the fields δ argψ 1 = −δ argψ 2 ∝ sin(kζ −ω 2 τ ). It is interesting to note that the two modes are decoupled in the linear approximation. We will be particularly concerned with the relative phase dynamics, which has characteristic properties of the elementary excitations of a relativistic field theory. Indeed, expanding to second order ink we may writeω 2 , which is a relativistic dispersion relation with a light speed ofc 2 2 = 2γ sañ ±2ν and rest energym 2 2c 4 2 = 4ν(2γ sañ ±ν). The relative phase dynamics will be analyzed more rigorously in the next section.
The second mode also supports unstable modes and governs the dynamics of the unstable vacuum. We are particularly interested in the situation where both γ s and γ sa are positive. In this case the second branch becomes unstable if either the fields have the same sign andν < 0 or the fields have the opposite sign andν > 0. The unstable mode then satisfies −4γ sañ + 2|ν| <k 2 /2 < 2|ν|. Thus, in a sufficiently large system where k is continuous, one of the two possible vacua is stable and the other one unstable. The classical field dynamics resulting from the unstable vacuum has been discussed for some special cases in Refs. [24, 25] (see also Ref. [23] ). In this paper we are going to simulate the decay from the unstable vacuum due to quantum fluctuations. The characteristic length scale of the decay modes is larger than π/ |ν|, which will become the largest length scale in the system in the interesting regime where |ν| is small. It is striking to note that the observed universe indeed appears to be nearly flat and homogenous. Second, the time scales of the unstable mode become large in the sine-Gordon regime. This is compatible with the following inflation requirement: when the scalar field rolls down the potential hill very slowly compared to the expansion of the Universe, inflation occurs. However, we emphasize that while our model treats the decay of an unstable quantum vacuum, it omits general relativity; so expansion and changes in the metric tensor are not part of the quantum simulations.
B. Density-phase representation
We will continue to consider the field equations as classical, or mean-field equations. We use this procedure to give us a better understanding of how the dynamics can be reduced to those of a relativistic scalar field. Once we have made this transformation, we will use Lagrangian quantization methods to construct a low-energy effective quantum field theory for the elementary excitations.
We parametrize the spinor as follows:
by introducing the density mixing angle θ, total density u 2 , relative phase φ a and total phase φ s as four realvalued fields. The first part of the dimensionless Lagrange density becomes
Writing the energy density asw =K +Ṽ, the kinetic energy part becomes
For the potential part we find
The potential is a function of the three real field variables u, θ, and φ a . A cut for constant u and positiveν is shown in Figure 1 . Note:
• As long as γ sa ≥ 0, there is a valley at θ = π/4 corresponding to a vacuum with equal density in the two fields. This condition expresses the wellknown condition for miscibility of two interacting Bose fields
The stable vacuum is located at (θ = π/4, φ a = 0). An equivalent point is (θ = 3π/4, φ a = π). Working at fixed particle number N , we find for the dimensionless total density of the vacuum u 2 = 2ñ ≡ 2nx
• As θ terms primarily couple to the relative phase φ a , there are dynamical solutions following the bottom of the θ valley with φ a = 0 and θ = π/4 corresponding to solutions of the type ψ 1 (x, t) = Figure 1 . Plotted is V forν = 0.1, u = 1, γsa = 0.5 as a function of θ and φa. Saddle points occur at θ = 3π/4, φa = 0 and, equivalently, at θ = π/4, φa = π, which correspond to the unstable vacuum with a π phase jump between the two components.
ψ 2 (x, t). This is just the dynamics of a single D-dimensional Bose field involving compressional waves (Bogoliubov phonons) and dark solitons, or vortices for D ≥ 2.
• The point (θ = π/4, φ a = π) or, equivalently, (θ = 3π/4, φ a = 0) corresponds to the unstable vacuum.
• Excitations of the relative phase φ a have low energy cost when |ν| γ sa u 2 , i.e. in the regime of small coupling and strong nonlinearity. This is the main focus of this paper.
We can see from Figure 1 that within each large canyon in θ-space, there is a secondary feature where a hill and valley form in the φ−direction. We wish to focus on this relative phase feature. It is able to form a quantum field with a relativistic dispersion relation, albeit with an effective 'light' velocity of very much smaller size than c.
C. Domain walls
Domain walls of relative phase appear as a connection between two degenerate vacua along a θ valley. The corresponding solutions were discussed in the context of three-dimensional two-component BECs with internal coupling in Ref. [21] . In the context of one dimensional coupled BECs they are also known as atomic Josephson vortices or rotational fluxons, since they are related to circular atomic currents, and were discussed in Refs. [19, [26] [27] [28] . As features of the relative phase, they only exist at sufficiently small linear couplingν < 1/3 [26] . They are unstable and can decay if a mechanism for dissipation of energy is provided unlessν 0.14, where they become local energy minima with topological stability [29] . In this regime, they acquire the typical properties of topological solitons, or kinks, in the sineGordon equation. By tuning the coupling parameterν, one can thus move between regimes of different stability properties of domain walls. The regime dominated by sine-Gordon physics is found for smallν.
IV. SINE-GORDON REGIME
Aiming at the dynamics of the relative phase φ a , we simplify the action and corresponding equations of motion by assuming that all dynamics takes place in a θ valley and that both θ and u only have small deviations from their respective equilibrium values. We consequently write θ = π/4 + y and expand the action to leading orders in y. Using cos(2θ) = −2y, sin(2θ) = 1 − 2y 2 , cos(4θ) = 8y 2 − 1 we obtaiñ
Low energy dynamics is possible in two sectors: compressional waves involving u and φ s on the one hand, and dynamics of the relative phase involving φ a and y on the other. Keeping only the terms that are relevant for the latter, the Lagrangian density reads
Variation with respect to the fields gives the EulerLagrange equation
which gives ∂ τ φ a +4γ sa u 2 y = 0. This allows us to replace y in the Lagrangian to yield
This is the D-dimensional sine-Gordon Lagrangian. Now we need to extract parameters. The critical speed c is found by dividing the ∇ pre-factor by the ∂ τ prefactor and taking the square root to yieldc = √ 2γ sañ . The critical velocity thus matches the Bogoliubov speed of soundṽ bog = √ 2γ sñ only in the case of vanishing cross coupling γ c , where γ sa = γ s . We note that so far we have used classical arguments. However, our original equations are also valid as quantum field equations. If we quantize the Lagrangian, we accordingly have a quantum sine-Gordon equation, which describes the physics at sufficiently low real temperatures.
On quantizing the Lagrangian, Eq. (4.4), the canonical momentum field is:
with corresponding canonical commutators of:
The sine-Gordon action can be brought into Lorenzinvariant form by rescaling time as ζ 0 =cτ to read
with the rescaled field φ a = βφ and β 2 = 2 √ 2γ sa γ,α = 4ν. Here, β 2 is the universal dimensionless parameter of the quantum sine-Gordon equation. In one dimension and the case of vanishing cross coupling γ c = 0 and 2γ sa = γ, we obtain β 2 = 2γ = 2 √ γ LL , which again links to the Lieb-Liniger coupling parameter γ LL = mg/( 2 n). This result agrees with Gritsev et al. [20] in the limit of small interaction γ LL , but differs for large interaction. Apparently, in our calculation β 2 can grow without any bound and surpass the critical values of 4π and 8π. This is a sign that our approximations need to be re-examined in the strong-coupling limit, and accordingly we will focus on the relatively benign weak-coupling regime of γ LL 1. The stationary action principle leads to the (classical) sine-Gordon equation
Note that the original field φ a reappears and the parameter β completely drops out of the classical equation. This is a relativistic field equation with a dimensionless speed of light of unity, as in all sensible relativistic field theories. Alternatively, using the atomic units, we considerc as the effective light-speed. The parameter α =αx
is connected to the characteristic length scale of the sine-Gordon equation. In physical units
Remarkably, this length scale depends on the tunnel coupling but is independent of the nonlinearity. It is the second characteristic length scale besides the GP healing length x 0 of Eq. (2.5).
The parameterα is also connected to the rest mass of the elementary excitations of the sine-Gordon equation.
Indeed, small amplitude oscillations ∼ exp −i(kζ −ω sG τ ) of the vacuum have a relativistic dispersion relation ofω 2 sG =k 2c2 +αc 2 , with a rest mass ofm sG = √α /c and a rest energy ofm 2 sGc 4 = 8νγ sañ . Note that the sine-Gordon light speedc and rest mass m sG agree to leading order inν with the corresponding parameters of the gapped second branch of the Bogoliubov spectrum of the stable vacuum (3.3). The relativistic sine-Gordon equation thus describes asymptotically a sector of excitations over the vacuum that, for small amplitude, completely decouples from the compressional waves of the Bogoliubov sound.
In the course of inflation tiny quantum fluctuations are important: They form the primordial seeds for all structure created in the later Universe. We now turn to quantum simulations of these equations.
V. COMPUTATIONAL SIMULATIONS
To investigate the feasibility and likely behavior of these experiments, we have carried out a number of numerical simulations of the expected dynamics. We simulate the full coupled Bose fields, using atomic densities, confinement parameters and S-wave scattering generally similar to those employed in recent experimental studies with ultra-cold atoms.
The method used is a truncated, probabilistic version of the Wigner-Moyal [30, 31] phase-space representation [32] [33] [34] [35] [36] . This is a probabilistic phase-space method for quantum fields, that correctly simulates quantum dynamics in the limit of large numbers of atoms per mode. It has been shown to give results in agreement with quantum-limited photonic and BEC experiments [37, 38] , provided the large atom-number restriction is satisfied in the experiment. We employed an accurate fourth-order interaction-picture algorithm.
The equations are formally the same as the Heisenberg equations of motion, except for the addition of initial vacuum fluctuations, that depend on the quantum state. Additional stochastic terms are needed if there is decoherence or atomic absorption. However, in these preliminary studies, such effects will be omitted. We also omit the cross-coupling between spins for simplicity. Following the dimensional notation introduced previously, except that our c-number fields are now stochastic representations of quantum fields, we obtain:
For the truncated Wigner calculations, with an initial coherent state ofψ i (ζ), so thatψ i (ζ) =ψ i (ζ) + ∆ψ i (ζ), one would have:
We emphasize here that our assumption of an initial coherent state is certainly not the only one possible. It can be replaced by other quantum states. For example, a finite temperature ground-state followed by a sudden jump in phase is probably closer to the way that experiments will take place. Nevertheless, in the absence of a good model for the quantum state of the early universe, a coherent state is as reasonable a choice as any other. State preparation is a complex issue, and depends on such details as the magnitude of the microwave coupling during cooling. Our initial state corresponds approximately to one in which the fields are cooled to a very weakly interacting ground state, with a coherent coupling of ν < 0, so that the lowest energy state has fields with an opposite sign. Then the interactions are increased to a large value, and the coupling phase is reversed to ν > 0, in order to create an unstable vacuum. Naturally, other models are possible, including a strongly interacting initial state at finite temperature. These will be treated elsewhere.
A. Dependence on couplings
We firstly investigate the dependence of the system on the coupling strength. This is a crucial part of the calculation, as it creates the potential minimum such that the relative phase is able to be treated as an independent scalar field. The measurable quantities in an experiment are the densities obtained after interfering the two hyperfine field amplitudes [15] . These are the quantities:
They correspond simply to the atomic densities after a rapid Rabi rotation of π/2 is performed to allow the atomic fields to interfere. Substituting the mean fields of 
At the vacuum phase, φ a = 0, the atoms are all in the even mode, with n + = u 2 and n − = 0. At the unstable equilibrium, φ a = π, n + = 0, and n − = u 2 . We plot the relative visibility , which is a quadrature-like measure of the phase, namely [39] :
We see in Figure 2 , that for very weak couplings, there is a relative phase decay induced purely by quantum phase diffusion. This is the opposite to sine-Gordon physics, and occurs because the two condensates are uncoupled, and experience an increasingly random relative phase. For stronger couplings, withν ≈ 0.1 one can see the distinctive decay of an unstable vacuum, which is the signature of Sine-Gordon physics with this initial condition.
B. Effects of condensate size
Although experimentally one would use a finite trap, we simulate a system with periodic boundary conditions for simplicity. To some extent, this allows us to ignore the detrimental effects of boundaries, and hence to allow a small computer simulation mimic a larger experimental condensate. However, this is not entirely the case.
As shown in Figure 3 , the finite coherence length of the quantum fluctuations has an effect on the decay statistics. Initially, the condensate size has no effect, as the coherence length is very small, and certainly much smaller than the condensate size as long as it is larger than a healing length. For increasing times, ifν = 0, the coherence length increases until it reaches the size of the condensate itself. At this stage, the decay accelerates. For very large condensates, a boundary-independent behavior is found. We note that this effect is strongest in the limit of zero couplingν, which is plotted here. At larger couplings the formation of domain walls limits the growth of coherence.
C. Single trajectory examples
Although quantum mechanics only predicts ensemble averages, it is common to use quantum theory to predict the behavior of the universe, which is only a single en- semble member -this experiment is not easy to repeat. In the laboratory, one can obtain ensemble averages by repeating the state preparation. Even so, the density patterns and evolution in a single ensemble member is instructive. In the one-dimensional case, this is shown in Figure 4 . This corresponds to the largest of the condensates plotted in Figure 3 , and it is visually clear that the density correlation length is still substantially smaller than the condensate size throughout the time evolution. The local fringe visibility is defined in general as:
Since the total density is nearly constant throughout, we used the excellent approximation of j ≈ (n + − n − ) /(2ū 2 ) for simplicity of calculation and plotting.
D. Two-dimensional behavior
The universe is certainly not one-dimensional. Anyone might reasonably question the applicability of a onedimensional simulation, even though this is the most amenable to theoretical treatment. In the laboratory, the availability of engineered traps means that dimensionality can be readily engineered to obtain artificial universes of one, two or three space dimensions.
The average dynamics of the sine-Gordon field are not strongly dependent on dimensionality, as graphed in Figure 5 , which shows the two-dimensional ensemble averages. Figure 6 is more interesting, demonstrating clearly a growth of complex spatial structures for a single trajectory. These are two-dimensional cross-sections, taken at a dimensionless times of τ = 5, 10, 20. The early, noisy and relatively short-range quantum noise patterns gen-erate coherent spatial structures with a typical spatial coherence length of orderζ = 10 spatial units, which then dissolve.
E. Three-dimensional behavior
Recent experiments have shown the possibility of exploring a condensate in a 'can' or cylindrical trap. This is a flat trap in three-dimensions, with reflecting boundary conditions. While our simulations do not have this type of boundary, it is certainly feasible to carry out threedimensional calculations relatively quickly using GPU hardware [38] . In Figure 7 , we show a slice through a condensate, in which one coordinate is held fixed, while the other two are varied. This is a single ensemble member, and the other parameters are similar to the twodimensional case, Figure 6 .
The resulting spatial geometry of clusters of hot and cold matter is distinctly different to the two-dimensional case, with greater connectedness, as larger coherent structures are formed over the same time-scale, which also finally dissolve. We emphasize that this is a nontrivial imaging problem in experiment, as typical BEC experimental techniques would give a column density image of an expanded condensate. While this practical imaging issue can easily be simulated, it is instructive to plot the real spatial image of domain-like clustering effects at intermediate times. This demonstrates that such effects occur even in the absence of explicit gravitational interactions, for our model.
VI. SUMMARY
The general behavior and unstable dynamics of an effective quantum sine-Gordon field using a two-mode BEC with linear coupling has been clearly demonstrated. Experimentally, for the scenario outlined here, it is important to use an atomic species whose cross-coupling differs from its self-coupling. This largely rules out the most commonly used atomic species, 87 Rb, which has very similar self and cross couplings apart from a small region near a Feshbach resonance. However, a Feshbach-type experiment is still possible, although losses are greater in this regime. Apart from this case, there are many species which are both able to be evaporatively cooled and have multiple hyperfine levels. Our results will be extended to a more complete analysis of the numerical simulations elsewhere, in which we will analyze in greater detail the effects of different types of state preparation. However, it is clear that in principle the use of ultra-cold quantum gases as quantum simulators is not restricted to condensed matter and non-relativistic analogies; simulating interacting relativistic quantum fields in one, two or three dimensions appears completely feasible.
